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The Fourier-Galerkin method is used to simulate fluid flows in two and three dimensions,
on domains with periodic boundary conditions. It is proved that the numerical solution
converges towards the solution of Navier—Stokes equations. The rate of convergence depends
on the smoothness of the mathematical solution. Finally, it is shown that the
Fourier-Galerkin method can be interpreted as a projection method. This observation may
lead to more sophisticated convergence proofs.

INTRODUCTION

The flow of an incompressible fluid satisfies Navier—Stokes equations. Thus, to
study turbulent flows—and to test theories about turbulence—one can solve
Navier—Stokes equations numerically and instead study the numerical solutions. For
convenience the calculations are normally carried out in a square domain with
periodic boundary conditions. The solutions can be obtained by either finite
difference methods [2, 19, 26], finite element methods |12}, vortex methods [61, cloud
in cell methods [4] or Fourier methods {11, 13, 14, 29]. The two schemes used most
widely to simulate turbulent flows are Arakawa’s difference scheme [1] and the
Fourier method [30]. In the absence of time-discretization errors and viscous decay
both methods conserve energy and enstrophy. However, Kreiss and Oliger [23] have
shown that a one-dimensional analogue of Arakawa’s difference scheme is unstable if
the discretization in time is done by the leapfrog scheme. Since the differential
equations describing the flow are non-linear, it is in general difficult to obtain
convergence results. Chorin [5] and Temam [32] have proved the convergence for
two finite difference schemes. The convergence of some finite element methods is
discussed in the book by Temam {34]. Del Prete and Hald [16, 17] have proved the
convergence of the vortex method, but only for the inviscid case. The purpose of this
paper is to prove the convergence of the Fourier method applied to Navier—Stokes
equations with periodic boundary conditions. ‘

The Fourier—Galerkin method can be explained as follows. We expand the solution
of Navier—Stokes equations in a Fourier series and write the differential equations as
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an infinite system of ordinary differential equations with the Fourier coefficients as
variables. The system is then truncated by setting all Fourier coefficients, except a
finite number, identically equal to zero. In this manner Lorentz |27] and Kraichnan
[22] have derived small systems to model two-dimensional flow. Computations with
large truncations have only become feasible after the development of the fast Fourier
transform. Since then the Fourier method has become competitive with finite
difference methods and has been used extensively in numerical simulations of
turbulence. For studies in two dimensions see [11, 13, 14, 19] and for three
dimensions see [29]. :

There are two versions of the Fourier method; the Fourier—Galerkin method [30]
(also called the spectral method) and the collocation method [14] (also called the
pseudospectral method). Here our terminology follows Gottlieb and Orszag [15], but
it should be mentioned that Kreiss and Oliger [23] introduced the collocation method
under the name of the Fourier method. In the collocation method the derivatives of a
function are approximated by interpolating the function at a finite number of points
by a trigonometric polynomial and evaluating the derivatives of the interpolant
exactly. An uncritical use of this technique may lead to unstable schemes; see Kreiss
and Oliger [23]. However, in general even the more complicated stabie schemes are
economically superior to the corresponding Fourier—Galerkin methods, see Fornberg
[10] and Kreiss and Oliger [24]. For Navier-Stokes equations with periodic
boundary conditions Fox and Orszag [14] have developed a pseudospectral method.
Their scheme conserves energy and is therefore stable. There is also a variant of the
Fourier—Galerkin technique in which the right-hand side of the differential equations
is not calculated exactly by the fast Fourier transform, but aliasing errors are
permitted. The amount of calculations can be reduced by a factor two or more,
Orszag |30]. The energy for such a scheme may not be conserved.

The convergence of the collocation method to solve first order hyperbolic
equations with variable coefficients has been proved by Kreiss and Oliger [23], and
the result extended to hyperbolic systems by Fornberg [10]. The convergence of the
Fourier—Galerkin method for the same class of problems is straightforward and can
be found in Kreiss and Oliger [24] and Gottlieb and Orszag [15]. These convergence
results have not been extended to non-linear problems due to the lack of a priori
bounds for the solutions of the linearized equations. We circumvent this problem by
assuming that the solution- of the non-linear differential equation is sufficiently
smooth. This approach has been used previously in convergence proofs for
Navier—Stokes equations; see Chorin [5] and Hald [17]. In the proofs below we use
in addition the fact that the vorticity or the energy is conserved and that the differen-
tiation commutes with the projection in the Galerkin method.

The accuracy of the Fourier method has been investigated empirically on a domain
with periodic boundary conditions by Herring et al. [19]. They found that with a
fixed number of frequencies the Fourier method cannot simulate flows with small
viscosity. This conclusion is incompatible with the results presented here. Basically,
the viscosity doesn’t really matter. The reason is that on a periodic domain the
solution of the Navier-Stokes equations tends to the solution of the Euler equations
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as the viscosity tends to zero; see Ebin and Marsden [7]. It is an open question
whether the corresponding result holds for general bounded domains, and the
convergence of the Fourier method has not been established for such a case.

In Section | we study the convergence of the Fourier method for inviscid, two-
dimensional flow. This section is included for pedagogical reasons. The proof is
elementary and uses the conservation of vorticity, Gerschgorin’s theorem and
Minkowsky’s inequality. The technique cannot be extended to three dimensions
because the vorticity is not conserved in three dimensions. In Section 2 we establish
the convergence of the Fourier method for Navier—Stokes equations and for Euler’s
equations in two and three dimensions. Our basic assumption is that the
mathematical solution exists and is smooth. The proof is more abstract than the
previous one and based on the conservation of energy.

In Section 3 we will show that the Fourier method is equivalent to a projection
method, the so-called Faedo—Galerkin method. This observation is not new {see (8,
p. 269]), but it seems that the explicit formula have not been given previously. The
projection method can be used to establish the existence of solutions to
Navier—Stokes equations. More precisely, it is shown that there is a subsequence of
solutions which converges to ‘a weak solution of the differential eguations. If this
weak solution is a classical solution, then the whole sequence ‘converges. Thus if ‘the
initial data are sufficiently smooth, then the Fourier method converges for the
Navier—Stokes equations for all time in two dimensions, and in three dimensions it
converges for a finite time, which depends on the initial data, but is independent of v.
To prove these propositions it is necessary to check that all the arguments for
Navier-Stokes equations for a compact domain with smooth boundary can be carried
over (or modified) to a domain with periodic boundary conditions. This can be done,
but we shall not present any details; see Boldrighini [3, Chap. 9]. The existence of
solutions of Euler’s equations for bounded domains in R’ has been considered by
Temam [33] and Foias et al. [9]. The convergence of the Fourier method for Euler’s
equations does not follow simply by letting the viscosity tend to zero. The reason is
that the a priori bounds for the solutions of Navier—Stokes equations depend on v~
and explode as v tends to zero. However, if the initial data are sufficiently smooth,
then the viscous flow tends toward the inviscid flow as the viscosity tends to zero.
This provides an indirect proof for the convergence of the Fourier method for Euler’s
equations, but gives no indication of the rate of convergence.

1. CONVERGENCE IN Two DIMENSIONS

In this section we will prove the convergence of the Fourier method for Euler’s
equations in two dimensions. The convergence proof for the Navier—Stokes equations
is ‘almost identical. We consider the flow of a two-dimensional incompressible,
inviscid fluid in a square domain with side length 27 and with periodic boundary
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conditions. By expanding the vorticity {(x, ¥,¢) in a Fourier series we find from
Euler’s equations that the Fourier coefficients {,(¢) of { satisfy

&= Z Crabrla (1.1)
ptra=k

for k=(k;,k,)#0 and that {,=0. Here C,,=3(q|"*—|p|~?)|p,q|, where.
p=(p>ps), |pI’=pi+p; and |p,q|=p,g,— p,q,. The sum is taken over all
integer values of p, and p, with p s 0. Since the vorticity is real we have {_, = {, for
all k. If the initial vorticity is three times continuously differentiable, then the solution
of Eq. (1.1) is unique and exists for all time, see Ebin and Marsden [7].

Let F be the set of frequencies k for which |k| < N. To truncate Eq. (1.1) we set
£, =0 for all kX not in F and for all time. Thus we arrive at the Fourier-Galerkin
method

. — “‘
= 2, Chw,n, (1.2)
p+a=k
pgeF

for all k in F. If w_, =@, at t =0 then it will be satisfied for all time z. We can now
formulate

THEOREM 1. Let {, and w, be the solutions of (1.1) and (1.2). Let 2C=
Maxec,<; 2 |k @) If @, = for all k in F at t=0 and {,=0 then

(Z [, (1) — Ck(t)lz) /2< i\: mas, <é;[klﬁ ICk(r)lz) 2

keF

Remark. 1If {(x, y,0) is three times continuously differentiable then C and the
sum Y |k|%¢, > are bounded for all finite f. The Fourier method will therefore
converge as N tends to infinity.

Proof. Let e, = w, — {, be the error in the kth Fourier coefficient. It follows from
Egs. (1.1) and (1.2) that

€= Z Cralepeg + qup + Cpeq) —F

ptg=k
P.qgeF

S I i Lo
P+q=k p+g=k p+q=k :

DEF,q&F pEF,geF PEF.q¢éF

To measure the error we set &7 =Y, . &,€,. By differentiating &* wrt ¢ we see that

Er=> & > Cylee,+20,e,)— > gr+cc,
keF pra=k keF

p.qeF
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where c.c. means the complex conjugate expression and we have used that C,, =C,,,.
The conservation of vorticity implies that ) C,,&,e,e, + c.c. is zero. Let e = (¢, } and
r=(r,). We can then rewrite the expression for the error in matrix notation

(62) = 2e*(4 + A%)e — e*r — re, (L3

where ¢* is the complex conjugate transpose of ¢ and the kpth element of 4 +A4%* is
Cip&_p if k—p is in F and zero otherwise. To estimate the 2-norm of 4 + A™* we use
Gerschgorin’s theorem. We observe first that |k,p|=|k —p,p|<|k— p||p| for
|p| < k| and that |k, p|<|k||p—k| for |p|>|k|. We can therefore bound the
absolute row sum of the kth row of 4 + 4* by

o7 e

Thus |4 + A*||, < C as A + A* is Hermitian and we conclude from Eq. (1.3) that

) |k, Pl iy é—;-Z lk—pli&,l<C.

266 < 26°C + 2¢||r|),,

where ||7); = 3, |7:/|> By solving this differential inequality we get

Ct
—1
6(t) <=

max (@), (1.4)

Our next step is to estimate the truncation error r. Since 2|C,, | <|p||g| we see
that

Erk|< Z Cpqchcq + Z Cququ
pta=k ptg=k
PEF,q¢F P#F,q¢F

< 2 plIG gl 1)
p+a=k
qer

To estimate |||, we use Minkowsky’s inequality; see [18, p. 123]. Let &, =, if g is
not in F and zero otherwise. Then

i< (2 (§|pucp| |k—p1|¢k_,,z)2) N

k

<Sirlig (gik—m;ﬂ:k_p;z)“

<20 (S lariel)

qer
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By combining this result with (1.4) and using |g|* <|q|°/N* for all g not in F we
~ arrive at the statement in the theorem. This completes the proof.

The technique presented in this section does not extend to three dimensions
because the vorticity is not conserved in three dimensions. However, a proof using
instead the conservation of energy can be generalized. In Section 2 we will present
such a proof, but in a more abstract language. Theorem 1 implies the convergence of
the computed velocity field, with rate of convergence 1/N2 This result is not optimal
and is improved in the next section.

2. CONVERGENCE IN TwO AND THREE DIMENSIONS

In this section we will prove the convergence of the Fourier method for Euler’s
equations and for Navier-Stokes equations in two and three dimensions. We
formulate the result for Navier—Stokes equations in three dimensions, but most of the
proof is independent of the dimension. The flow of an incompressible, viscous fluid
satisfy the Navier—Stokes equations

86—1;+(u-V)u=—Vp+vAu, 2.1

divu =0, (2.2)

where u = u(x, £) is the velocity, p is the pressure and v is the viscosity. We use the
notation u - V=3 u;D; and du =) Diu with D;u = du/dx;. We look for solutions
u=(u;) and p with period 2z in each space variable. By taking the divergence of
(2.1) and using Eq. (2.2) we see that

Ap=—-V-(u-Vu (2.3)

The pressure is therefore determined up to a constant and can be eliminated. We say
that the solution u is in H™(T,) if D%y is square integrable over T, for all |a|=m.
Here D*=D¢' ... D¢, |a| =0, + --- + a, and T, is a cube in R" with sidelength 27.
Ebin and Marsden [7] have shown that if the initial data u(x, 0) are in H™(T,) with
m>n/2 + 5 and satisfy Eq. (2.2), then there exists a unique solution of (2.1-2.2) for
a short time interval (independent of v). The solution u(x, t) is in H™ and differen-
tiable wrtt. Moreover, the solution of Navier—Stokes equations converges to the
solution of Euler’s equations as the viscosity tends to zero. Similar results have been
obtained for R? and R*® by McGrath [28] and Kato [21].

The Fourier method can be derived as follows. We expand the solution u in a
Fourier series and let P be the projection

Pu=P> uye* = > ye**
keF
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where F' is the set of frequencies k for which |k| < V. Let Q=1 — P. If v = Py for all
t then the Fourier—Galerkin method is

5
z§+1q@-vw]=—Vq+vAm (2.4)

dive =0. (2.5}
Cur convergence proof depends on three properties of P, namely, that Pu— u as

N~ oo, that D;P = PD; and that [v - Pu=f v - u. Since P commutes with differen-
tiation we see that the pressure g can be eliminated by the analogue of Eg. (2.3)

Ag=—P[V - (v - V). (2.6)

It follows from Egs. (2.4) and (2.6) that the Fourier coefficients v, of v satisty a
system of ordinary differential equations, namely,

(—d——}-v|k|2)vk=—i DU kv, (I — kKT kPy vy (2.7
dt pta=F
D.geF

see Kraichnan [22]. The initial conditions are given by v = Py and satisfy Eq. (2.5).
In addition we assume that u, = 0. This assumption is both natural and convenient. It
implies that u,=v,=0 for all time, and this fact simplifies our proof a little. Gn a
deeper level the assumption makes the theory of Navier—Stokes equation on domains
with periodic boundary conditions similar to the theory for compact domains. For
example, in the periodic case the viscous solution tends to u, as ¢ tends to infinity,
whereas the solution for bounded domains always tend to zero, see {34, p. 318]. More
important is that if u,+ O then Poincare’s inequality fails and this inequality is used
repeatedly in the mathematical theory.

THEOREM 2. Let u and v be the solutions of (2.1-2.2) and (2.4-2.5) with
uy=vy=0and n=2or 3. Let A=maxy_,, > |k||u | If u(x, 0) is in H™(T,} with
m >3 then

2edtym? 1

———— max | D*Quil,.

NI 0<r<t” 0 Hz
lal=m

lo() —u(@)]> <

Let {=VXu and o=V Xv. If {(x,0) is in H™(T,) with m>22, then A=
maxXo <, 2 |Gl and

t.mf2
o) = (0l < 2 max | DL

Nm—l 0<

lal=m
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Remark. The assumption on u implies that 4 < oo, [31, p. 249]. Thus the Fourier
method converges as N tends to oo, provided the mathematical solution exists and is
sufficiently smooth. Note that { is in H™ iff u is in H™ "', The rate of convergence of
the vorticity is the same as in Theorem 1, but the bound is sharper, since in general
A <C.

Proof. Let w=uv — Pu be the error. By applying P to both sides of Eq. (2.1) and
using Eq. (2.4) we see that
ow

W—f—P[w “Vw+Pu.-Vw+w-VPu]l=—V(q—Pp)+vdw + Pr, (2.8)

where r =u - Vu — Pu - VPu. To estimate the error we introduce two inner products
and the corresponding norms

n 12
@)=Y fug  ula= (3 Jui)

i=1

n . 1/2
@)= X [Dudz.  July= (S 1Dul) -
t.J

i,j=1

Note that || - ||, is really a norm because u, = v, =0. By using Eq. (2.8) we see that

1 d
TE(W, w)=(w, —P[w-Vw+Pu.-Vw+w.VPu]l—V(q— Pp)+vdw+ Pr).

Since (w, Pu)=(w,u) and divw =0 we find after integrating by parts that the
contributions from the first, second and fourth term on the right hand side of this
equation are zero. Thus

%% (9, W) = —(w, w - VPu) — v((w, w)) + (w, 7).

From this point on, the proof is similar to a convergence proof for a linear problem.
By using Schwarz inequality and v > 0 we find that
1 d 5
5 7 W< will w11 D; Paglloq + 1wl 7l (2.9)
i i

To complete the proof we use that the Fourier series for D;u converges. Since
| D;Puyllo <D 1k;| |4y | We can estimate the first term in (2.9) by

‘T 2 will Tagel 22 1wl K <; ke L wll2 <A w3 (2.10)
13 J .
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Our next goal is to estimate the truncation error. Since r = Qu - Vu — Pu - VQu where
Q =1— P we see that the last term in (2.9) is less than

Z Wil | Quyll | Dyl + Z Iwilt | Pujll o 1| D; Quy . 211

The first term is treated like (2.10) and less than 4 || Qu|{2 {lwll,. The second term in
(2.11) can be estimated as

Z Iu,klZHw 1D Qu;ll < Z Ziu,kHlD Qull, [ wl,

<};iuklliQuI1H!iwtlz-

Since ), |u,| <4 and || Qu|l, < || Qull, we see that (2.11) is less than 24 || Qu||, I w]},.
Thus it follows from (2.9) and (2.10) that

”W”z IIWHz <A [wii+24 (| Qully | wll,.

By solving this differential inequality we get
[wl, <2 —1) [ax Qully. (2.12)

To estimate the rate of convergence we use the smoothness of u. It follows from
Parseval’s theorem that

1Qullz = @y X [k el

k¢F

(2m)" -
NZm) 7 ,Z* (kT + - + k)™ ju)?
éF

! .
e Y o ) Y e
— .
laj=m k¢F
SIE sz 7 max | D*Qulf;.
Here k** =k}t --- k2*. We can now estimate v — u. Since ||Qulj, <| Quly we see
that
o —ull,<llo — Pully + | Pu — ull,

<2(e* —1) max | Qully + 1| Qull,

m2

<26t max [ D°Qul,.

Nm»l 0<

fai=m
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This completes the proof for the convergence of the velocity field. We will now study
the convergence of the vorticity field. Since {=V X u and divu =0 we see that the
Fourier coefficients {, of { satisfy [{,|=|k||u,|. Thus it follows from Parseval’s
theorem that ||(||, =||u||,. By using that |k| <N for k in F, Eq. (2.12), Parseval’s
theorem and that |k| > N for k not in F we get

lw — P, =|lv — Pulz < N|wl,
<N - 2(e* — 1) max || Qufl,
=2(e* — 1) max N [ O],
<2(e"~ 1) max || Q-

This inequality corresponds to (2.12) and the final result is obtained by repeating the
previous arguments with « replaced by {. This completes the proof.

The convergence of the velocity field is valid for higher space dimensions provided
m > n/2 + 1. By copying the mathematical theory for the Navier-Stokes equations
we can prove the convergence under weaker smoothness assumptions on the data; see
[25] and [34]. There is also a rich opportunity to use sophisticated results for the
convergence of Fourier series. It is reasonable that the numerical solution is less
accurate than simply truncating the Fourier series of the solution. The loss of one
derivative also occurs in the error estimates for the solution of hyperbolic systems
obtained by the Fourier method, see [24]. Our proof is based on the cutoff |k| < N. If
another cutoff is used then N should be interpreted as the smallest value of |k| for k
not in F. In-addition, the error bound for the vorticity will have an extra factor,
namely, max, ., |k|/min, g, | k| If the cutoff is |k,| <N for i = 1,..., n, then this factor
is n¥2% For the cutoff suggested by Orszag [30], the octodecahedron, the factor is
2/3V2,

3. REFORMULATION OF THE FOURIER METHOD

In this section we will show that the results of the Fourier method can be inter-
preted as obtained by the projection method. It is not obvious that the two methods
are equivalent. In the projection method the approximate solution is written as a
linear combination of divergence free linearly independent functions. In the Fourier
method the pressure is determined such that the divergence of the solution is zero, but
the basis functions are linearly dependent. We will give a set of orthonormal basis
functions and show that the approximate solution of the projection method satisfies
the differential equations for the Fourier method. We will present the arguments in
three dimensions, and mention the results in two dimensions.

Since divv =0 and u,=0 there exists a function B such that divB =0 and
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u =V X B. In addition 4B = —{, where { =V X u. By expanding B in a Fourier series
we find

u=VXB=Y ikXbe**= 3 iS bt

k+0

and u, = iS, b,. It is our goal to express S;b, as |k|A4,5,, where §, is a vector with
two components, k - A, =0 and the columns of 4, are orthonormal. Let a = k/|k!l.

Then
0 _'k3 kz 0 "-(13 az
Sk= k3 O "’“k} :(k‘ a3 O ""ai zglea"

—~ky,  ky 0 —0, O 0

Observe that S, =—S, and that S,¢=0. To find 4, we use the singular value
decomposition of S, ie., S, = UAV7, where U and V are orthonormal and 4 is a
real diagonal matrix. Since V consists of the eigenvectors of §7S and S78 =/ — aa”
we see that « is the eigenvector corresponding to the eigenvalue 0 and the other two
eigenvectors correspond to the eigenvalue 1. To determine ¥ we use Householder’s
transformation, ie., ¥=1— 2ww’, where w'w = 1. Let (I - 2ww") ¢, = —ca, where
ey; = &y Here o = sign(a,) if a;# 0. If @, = 0 then ¢ = sign{a,). if ¢, =a; =0 then
we set o = sign{c,}. Thus

i a3+ o + [y , —a;0; —oa, (1 +§a3?)
=] e eraldial —onllde)
i3 anx(l +ja3j) ——0(12(1 +g[13}) ~ga3(1+}a3n

The complicated definition of o implies that ¥ does not change if « is replaced by
~¢. To determine U we use that SV = Udiag(l, 1,0). The last column of U is
undetermined, but we may take

1 —O0 0, —U(a2+o.3+(a3f) ay (I + |as)
U= i {G(af+a§+!aal) 0a; U, a,(1 '5'}‘335)1
16l [ —ai 4 e+l e+l

This completes the singular value decomposition of §,. Let ¥'=(v,, v,, v;). Since
V=77 we see that S, b, = k| 4,8, where 4, = (a{¥) are the first two columns of U
and f, =v, - b, and f,, =v, - b,. Note that v, - b, =0 as div B =0. We can now
write

Ek: ijkl4 kﬁk(t)elkx

P
)
i

Ssne?’
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Since the matrix U is orthonormal we have found a representation of u in which the
basis functions are orthogonal and divergence free. The corresponding representation
in two dimensions is
i k2 3
U= o t dk«
5 ()0 e

k+0

where {, are the Fourier coefficients of the vorticity { = D u, — D,u,.

The projection method is based on the weak formulation of Navier—Stokes
equations. Assume that u and p are the solution of the Navier—Stokes equations and
let v be a smooth, 27 periodic function which satisfies div v =0. By multiplying
Eq. (2.1) with 7, integrate over T, and integrate by parts on the right-hand side of
the equation we see that

d

—c—i;\_l J u;o; + viZj iju,-Djﬁ,- + ; j u;D;u; ;= 0. (3.2)
Note that the pressure term has disappeared. We look for an approximate solution u
of the form (3.1), where the sum is restricted to all k in F. To determine the coef-
ficients §,(f) we require that Eq.(3.2) be satisfied for all test functions v with
components v; = a{}’ exp(ik - x), where k is in F and j =1 or 2. This construction of
an approximate solution of Navier—Stokes equations goes back to Hopf [20]. By
using the orthogonality of the test functions we get

d -

(G+ 7 K0 Be= 1K S 1plal KA B,ATA 63
p+q=Fk
p.9€

At first sight this non-linear system of ordinary differential equations seems quite
different from Eq. (2.7). However, by multiplying both sides of Eq. (3.3) with i |k| A4,
and using that u, =i|k| 4,0, we obtain

d
<:17+vlk|2)uk=—i > kTu,A Aju,.
pta=k
p.qeF

Since U, = (4, |a) and U, UL =1 we see that A, A7 =TI — kk/|k|>. Thus it follows
from the last equation that the projection method is equivalent to the Fourier method

in which the pressure term has been eliminated. Similar arguments show that the
projection method for two-dimensional inviscid flow reduces to Eq. (1.2).
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